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Answer ALL questions. 

01.  (a) Prove that every interval is measurable .       (5) 

(OR) 

(b) Show that, for any set A and any    , there is an open set G containing A such    

     that    ( )     ( )   .          (5) 
 

(c) (i) Let M be a collection of all Lebesgue measurable sets then prove that M is a     

         -algebra in . 

        (ii)   Let c be any real number and f and g be real valued measurable functions    

       defined on the same measurable set E. Then prove that            and    

          are also measurable.        (8+7) 

OR 

(d) Prove that the following statements regarding the set E are equivalent: 

(i) E is measurable 

(ii)        there exists an open set O   such that   (   )    . 

(iii)     a    set, G    such that   (   )   . 

(iv)            a closed set, F    such that   (   )    

(v)     a    set, F    such that   (   )   .           ( 15) 

02. (a) Show that ∫
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 .      (5) 

OR 

  (b) If φ is a simple function then prove that ∫     ∫    
 

 ∫    
    

, for any 

disjoint measurable sets A and B and ∫       ∫   , if a > 0.   (5) 
 

  (c) Prove that if f is Riemann integrable and bounded over the finite interval [a, b] 

then f is integrable and 

b b

a a

R fdx fdx  .        (15) 

     OR 

 (d) State and prove Lebesgue monotone Convergence theorem.   (15) 
 

03. (a) (i) Define a ring and σ-ring. Prove that every algebra is a ring and every σ-

algebra a σ-ring.         (5)  

 OR 

(ii) Define a measure and σ-finite measure on a ring ℜ. Show that if   is a σ-

finite measure on a ring ℜ, then the extension  of   to S*, the class of * - 

measurable sets is σ-finite.        (5)  



  

(b) (i) Let }{ iA  be a sequence of sets in a ring R then prove that there is a sequence 

}{ iB of disjoint sets of R such that ii AB   for each i and 
N

i
i

N

i
i BA

11 

  for each N 

so that 
1 1

i i

i i

A B
 

 

 . Also show that  ( )  [     ⋃       
 
      ].  (15) 

OR 

       (ii) Define a complete measure. Let *  be an outer measure on H(R) and let S* 

denote the class of * - measurable sets. Prove that S* is a  - ring and *  

restricted to S* is  a complete measure      (15) 
 

04. (a) (i) Define a convex function and prove that for a convex function ψ on (   )   

             such that                then  (   )     (   )      (   )        (5) 

OR 

(ii) State and prove Minkowski Inequality.     (5) 
 

 (b) (i) State and prove Jensen’s inequality. When does equality occur? 

 (ii) Let                   where    and    . Show that  
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            (9+6) 

OR 

(c) Let *  + be a sequence of measurable functions which is fundamental in 

measure. Then prove that there exists a measurable function f  such that      

in measure. 
 

          (d)  Let ψ be a function on (   )  Then prove that ψ is convex on (   ) if and only if    

               for each   and   such that          the graph of ψ on (   ) and (   ) does    

               not lie below the line through points in (x,(x)) and (y, (y)).   (10+5) 

 

05. (a) Define signed measure and show that a countable union of positive sets with   

           respect to a signed measure v is a positive set.             (5) 

OR 
 

 (b) Let v be a signed measure and let ,  be measure on [X, S] such that v,,       

            are  - finite, v « ,  «  then prove that ][
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 .    (5) 

(c) State and prove Lebesgue decomposition theorem.             (15) 

OR 

  (d) State and prove Radon-Nikodym theorem         (15)  
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